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Supervised learning

Goal: Approximate an unknown function f : RY — R™ given data

D = {a?(i),f(:p(i))} C RY x R™.

1€ [n]
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Supervised learning

Goal: Approximate an unknown function f : RY — R™ given data

D = {x(i),f(m(i))} C RY x R™.

1€ [n]

We distinguish:

» Classification: ran(f) is > Regression: ran(f) is R™.
t€stjepm  R™. 3 PDE: fixed initial /boundary
Image, audio: d > 10°, d > m. data, then learn (¢,x) — u(t,x)

d=&
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&N 2+ 763) 79‘)
N
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(Feed-forward) neural networks

fapprox(x) L= PX[nT](CE) for z € RY.
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(Feed-forward) neural networks

fapprox(w) L= PX[nT](«T) for x € RY.

where

> P c R™X4nr (suppose given)
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(Feed-forward) neural networks

fapprox(x) L= PX[nT](CU) for z € RY.

where
> P c R™X4nr (suppose given)

> x"7l(z) € R is output of neural net with ny > 1 layers:

(xlb+1] = cMlg(al®l . xIF 4l ke {0,...,np — 1}
0]

xl0 = gz,

\

state xFT1l € R9%+1 and weights cl¥! € R+ glFl ¢ Rix plFl c R
> o c CY(R), typically o(x) = (x)4 or o(x) = tanh(z)
» widths dj, given
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Residual neural networks (ResNets)

Let di. = d for all k.

Consider

xlk+1] = k] 4 Al (¥ xFl Ll ke fo,... ,np —1}

with ¢l*l ¥l € R4 and bl¥ € R.

Deep residual learning for image recognition
K He, X Zhang, S Ren, J Sun - Proceedings of the IEEE ..., 2016 - openaccess.thecvf.com

... as learning residual functions with ... residual networks are easier to optimize, and can gain
accuracy from considerably increased depth. On the ImageNet dataset we evaluate residual ...

3¢ Save P9 Cite @by 142319 Related articles All 72 versions 99
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Neural ODEs

Natural to consider [E '17]:

And now fopprox(x) := Px(T).

Useful in practice:
» Beyond Euler schemes [Chen et al. '18]
» Structure preserving schemes [Schonlieb et al. '20, '22]
» Beyond supervised learning (wait until the end of the talk)

» More compact form for analysis

4 /27
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Approximation theory

Before using the data, a "well-posedness’ question can be asked.

Problem (Universal approximation)
Given f € 7 and € > 0, find (a.,b.,c.) € L>=((0,T); R?%*1) such that

Hfapprox,e - fH% S €

5/27
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Approximation theory

Before using the data, a "well-posedness” question can be asked.

Given f € 7 and € > 0, find (a.,b.,c.) € L>=((0,T); R?%*1) such that
Hfapprox,e — fH% < €

» Feed-forward nets: [Cybenko "89], [Barron '93] (n = 1 and
= C°([0,1]%)), Pinkus '99 (nr > 1)

» Neural ODEs: [Li, Lin, Shen '22], [Ruiz-Balet, Zuazua '22]
(5 = L?*((0,1)4;R™)). ResNets are corollary as controls are
plecewise constant

» Strategies generally non-algorithmic and suffer from curse of
dimensionality
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Learning iIs control

» To learn, we can only use the data ¥.
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Learning is control

» To learn, we can only use the data Z.

» So, we consider

Find controls (a,b,c) € L*>((0,T); R?4+1) such that
Px;(T) = f(z) Vi € [n]

where )

Xi(t) = c(t)(a(t) - xi(t) + b(t))+ t€(0,T),

%(0) = 2, (1)

and hope predictions of f(x) are good if we take initial data points x
outside & (generalization).
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Learning i1s control

» To learn, we can only use the data ¥.

» So, we consider

Find controls (a,b,c) € L>®((0,T); R?%+1) such that
Px;(T) = f(z?) Vi € [n]

where

(

Xi(t) = c(t)(a(t) - xi(t) + b(t))+ t€(0,T),

xi(0) = 20, (1)

and hope predictions of f(x) are good if we take initial data points x
outside & (generalization).

» |t's a simultaneous/ensemble control(lability) problem!
» Nonlinear control-state interaction is necessary

6/ 27
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What is done In practice

Least squares, with penalty A > 0:

: 1 4112
Jmin =S P(T) = )| A0 | (2)
(ab)eH (0, T)R+1) €M) )
2 mod -~
CEXI; s(él?/éf)(,llR; ) =E(X (1))

» Empirical risk minimization: E(-) is the empirical risk.

> H! suffices for compactness — if p € [1,00), ¢ : R — R is s.t.
Y o U, — pou*in LP(0,1) for any u,, — u* in LP(0,1), then ¢ is
affine!

» Can go way beyond squared Euclidean distance (even non-distances
such as cross-entropy for classification)
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github.com/borjanG/dynamical.systems

T = 5,np = 16,n = 3000, A = 0.01
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Optimal control over long time

» In practice np can be large (deep learning)
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Optimal control over long time

» In practice np can be large (deep learning)

» But A\t = % so nr large means 1" large
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Optimal control over long time

» In practice nT can be large (deep learning)

» But At = ~—, so np large means T’ large

For global minimizer 01 for (2) and X7 € C°([0, T]; RY*™) matrix with
unique solutions x; to (1) as columns, what happens when 7" — c0?
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Optimal control over long time

» |In practice nT can be large (deep learning)

» But At = ~—, so np large means T’ large

For global minimizer 01 for (2) and X7 € C°([0, T]; RY*™) matrix with
unique solutions x; to (1) as columns, what happens when 7" — c0?

Definition (Interpolation)
(1) interpolates & if 30 ¢ H*((0,1); R4T1) x L2((0,1);S?1) such that

Px;(1) = f(z) Vi € [n]

where x; € CY(]0, 1]; R?) solves (1) with control . (l.e., E(X (1)) =0.)
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Theorem [Esteve-Yagile, G., Pighin, Zuazua, '22b]

Fix A\ > 0; c in (2) minimized over L2((0,7);S%1); (1) interpolates Z.
For T' > 1, any global minimizer §7 for (2) and X7 € C°([0, T]; R%*")
matrix with columns solutions to (1) satisfy:
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Theorem [Esteve-Yagile, G., Pighin, Zuazua, '22b]

Fix A> 0; cin (2) minimized over L%((0,T); S* 1); (1) interpolates D.
For T ! 1, any global minimizer 81 for (2) and X 1! C°([0, T[;RY M)
matrix with columns solutions to (1) satisfy:
1. "C(D,N) > 0
1! " w2
EXr(T)= = Px(D#f(xO) " 2
#[n]
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Fix ! > 0; cin (2) minimized overL?((0, T); S* 1); (1) interpolatesD.

For T ! 1, any global minimizet; for (2) and X 1 ! C°([0, T];RY ")
matrix with columns solutions to (1) satisfy:
1. "C(D,!)> 0,

P (T) # f (xO) v

E(X 7 (T) = = -

i#[n]

2. X 1.(Tk) $ X ® for some subsequencg > 0, Tc $% (k $ % )
andX *1 RY" " with E(X *) =0
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Fix ! > 0; cin (2) minimized overL?((0, T); S* 1); (1) interpolatesD.
For T ! 1, any global minimizet; for (2) and X 1 ! C°([0, T];RY ")
matrix with columns solutions to (1) satisfy:

1. "C(D,!)> 0,

P (T) # f (xO) v

1 !
n T

E(X 1(T)) =
i#[n]

2. X 1.(Tk) $ X ® for some subsequencg > 0, Tc $% (k $ % )
andX *1 RY" " with E(X *) =0

3. Set"(t) ;= ( Txar, (tTk), Tkbr (tTk),cr, (tTk)) fort! [O,1]. Then
"« $ "% strongly inH?® & L2 where"?® is some solution to

- 1 111 2
(a,b)#H1((0,1);R*)
c#L2((0,1);s" 1)
E (X (1))=0

10/27
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1. 'y =(ag,b,c) ' HY((0,1);RI)" L2((0,T); S 1) yieldsx!
solution to (1) on|0, 1]. Then

! " " " EB
1 a# 1 i . H

It (3= fal T ,Tbl = 0 —

dePned or{0, T], yields solutionx| (3 # x}(2) to (1)
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1. 'y =(ag,b,c) ' HY((0,1);RI)" L2((0,T); S 1) yieldsx!
solution to (1) on|0, 1]. Then

! 11 11 11 $
1 &% 1 " a" Xid

It (3= fal T ,Tbl T , C1 T
dePned or{0, T], yields solutionx| (3 # x}(2) to (1)
2. In turn,
Yo7
E(XT(T)+ " |'r(t)[°dt
0) ) %1
= E(X 1(1)) + T, |(a1(s), bu(s))[ds + "
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1. 'y =(ag,b,c) ' HY((0,1);RI)" L2((0,T); S 1) yieldsx!
solution to (1) on|0, 1]. Then

! 11 11 11 $
1 &% 1 " a" Xid

It (3= fal T ,Tbl T , C1 T
dePned or{0, T], yields solutionx| (3 # x}(2) to (1)
2. In turn,
Yo7
E(XT(T)+ " |'r(t)[°dt
0) ) %1
= E(X 1(1)) + T, |(a1(s), bu(s))[ds + "

3. Take interpolation control (on(0, 1)), stretch it out to (0, T), and
compare with! 1.
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1. 'y =(ag,b,c) ' HY((0,1);RI)" L2((0,T); S 1) yieldsx!
solution to (1) on|0, 1]. Then

! 11 11 11 $
1 &% 1 " a" Xid

It (3= fal T ,Tbl T , C1 T
dePned or{0, T], yields solutionx| (3 # x}(2) to (1)
2. In turn,
Yo7
E(XT(T)+ " |'r(t)[°dt
0) ) %1
= E(X 1(1)) + T, |(a1(s), bu(s))[ds + "

3. Take interpolation control (on(0, 1)), stretch it out to (0, T), and
compare with! 1.

In this setting, T $ % is equivalent to" $ O.
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Interpolation, Controllability

1. (Eombinatorics For (1): [Li, Lin, Shen O22], [Ruiz-Balet, Zuazua
0O22]. Distinct targets i = m.
2. Lie algebra.For
G (t) = 1(1)" (xi(1)), (3)
with " 1 C%1" CY(R) element-wise: [Agrachev, Sarychev O22]
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Interpolation, Controllability

1. Combinatorics For (1): [Li, Lin, Shen O22], [Ruiz-Balet, Zuazua
O22]. Distinct targets il = m.

2. Lie algebra.For

with" ! C%i" C
A digression - little homotopy method inspired by [Coron-Trelat O04]:

G (t) = L(t)" (xi (1)), (3)

1(R) element-wise: [Agrachev, Sarychev O22]

Supposed! n. Fix X 1 R " with

S

Then#r,C > Osucht

pan{* (x1), ..., " (x1)} = R

at$X °1 B, (X 1), # ! L" ((0,1); RY 9) for

which the solutionsk; to (3) with x; (0) = x P satisfyx; (1) =x i $i ! [n].

Moroever

C
%% " —IX L& X
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Generalization: a statistical approach
Focus on dynamics (3).
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Generalization: a statistical approach
Focus on dynamics (3).
' Look at{xV,y(};; r;; 1 RI" R™ as i.i.d. samples from unknown
joint law p # P.(RY" R™M). Thenf (x) := E(y|x) which minimizes
Exy) ulf (x) $ y|? over all functionsf .

13/27



Supervised learning Empirical risk minimization is optimal control Augmented empirical risk minimization Concluding remarks
000000 00000000 0000000000 ole)

Generalization: a statistical approach

Focus on dynamics (3).
' Look at{xV,y(};; r;; 1 RI" R™ as i.i.d. samples from unknown
joint law p # P.(RY" R™M). Thenf (x) := E(y|x) which minimizes
Exy) ulf (x) $ y|? over all functionsf .

I Associated to (2):population risk minimization

T

min Eivvy u|PX (T)$ y|? + ! "(t)|°dt 4
x' solves (3)
x' (0)= X
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Generalization: a statistical approach
Focus on dynamics (3).
' Look at{xV,y(};; r;; 1 RI" R™ as i.i.d. samples from unknown
joint law p # P.(RY" R™M). Thenf (x) := E(y|x) which minimizes
Exy) ulf (x) $ y|? over all functionsf .

I Associated to (2):population risk minimization

T

min Eivvy u|PX (T)$ y|? + ! "(t)|°dt 4
x' solves (3)
x' (0)= X

| Generalization™, minimizer ofJ, in (2), and"# of J in (4), then
%t > O:

I n 2 | 2 _ 1 "

E(x,y)" U |PX (T)$ )/| $ E(x,y)" U|PX (T)$ y| =0 n—

13/27



Empirical risk minimization is optimal control
000000080

What I1s known

1. [E, Han, Li O19]:

Pontryagin Maximum Principle for both (2) and (4);

Hamiltonian! 1" H(x,p,!)= pa" (x)+ #|!|* strongly concave for
any (x, p)

given!', with high probability #! , critical point of Hamiltonian for
(2) such that

C(d)

1 "
nz*

iy u IPX (1) 8 YIS By e ylPX (D)8 v

with high probability, for any $> 0.
Ensuring that!,, is global minimizer: true whenl % 1, so# & 1!
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What I1s known

1. [E, Han, Li O19]:
' Pontryagin Maximum Principle for both (2) and (4);
! Hamiltonian! I" H(x,p,!)= p&" (x)+ #|!|* strongly concave for

any (X, p)
! given!', with high probability #! , critical point of Hamiltonian for

(2) such that
C(d)

1 "
nz*

iy u IPX (1) 8 YIS By e ylPX (D)8 v

with high probability, for any $> 0.
! Ensuring that!,, is global minimizer: true whenT % 1, so# & 1!

2. [Bonnet et al. 022];
! For# & 1, J, strongly conyex on any.* ball

! Mean-beld PMP ... rateO

o.||—\‘ =

n

14/27
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An observation with C. Letrouit and P. Rigollet
1. Strong convexity on ang ! L?((0,T); RY 9)

T # 1" 830D #S In(12)], %q.,!, & B.
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An observation with C. Letrouit and P. Rigollet
1. Strong convexity on ang ! L?((0,T); RY 9)

T # 1" 830D #S In(12)], %q.,!, & B.

2. Then

T #ED "L $I()#S In()]
= 1$J( ) #$ I, ()]

|
|

| " ! | I
Epn$ "6 (M) # 80 (T),y)!

: 1$[n]
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An observation with C. Letrouit and P. Rigollet
1. Strong convexity on ang ! L?((0,T); RY 9)

T # 1" 830D #S In(12)], %q.,!, & B.

2. Then

T # S S In(n) #S In()]
$I()Y#S$ I (1)

I! 1 1" ) l! I
Epy)en$ "¢ (MW # = $1"(x (T),y")
y 1$[n]

3. 1" is bxed, not random. Sum of bounded, independent random
variables, compared with expectation concentration of measure
(Hoe! ding inequality): % > 0, ($ > 0 such that% " 1,

P("l #1 "2, # $/) n" 1# #
BoundJ(!n) # J(! ") from above and geD(%-) rate.
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Improvingl/T

We consider

| 7 e
ﬁ:xi(t)! f(x(‘))%dH Ic(t)[?dt| (5)
i1 [n] 0

Inf
c! L2((0,T):RY) o
Xi (8 solves (1)

T
N

Controlsa" L™ (R, :RY) andb" L (R,) assumed bxed in (1(need
L 2-penalties and compactness simultaneously)

Can also considedynamics as (3)or (a, b) can be optimized oveg’.
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Two assumptions

Recall, forX =[x,4a&%,]! R :

L o2
E(X):= % "Px; " f(xU) .
1" [n]

Assumption 1.

SetZ :={Z! R¥":E(Z)=0}. ThenP ! R™ 9 s such that

| 1dist(X ,Z)2! E(X) ! !ydist(X ,Z)?
for somel , " 11> 0, and#X ! RY .

# Lower bound:global Lojasiewicz inequalitfor analytic functions

17127
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Assumption 2.

Fix X ° = [x944&]! RY ". We assumé c! L2((0,1);RY) such that
the matrix X ! C°([0, 1];R¥ ™) with columnsx;(§ solutions to (1) with
xi (0) = x P, satispeX (1) ! Z.

Moreover," C(n) > 0,
| 1
Ic(t)|?dt ! C(n)dist(X °,Z)2.

0

18/27
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Fix X ° = [x944&]! RY ". We assumé c! L2((0,1);RY) such that
the matrix X ! C9([0, 1];R¥ ") with columnsx; (8 solutions to (1) with
xi (0) = x P, satispeX (1) ! Z.

Moreover," C(n) > 0,

L

Ic(t)|?dt ! C(n)dist(X °,Z)2.
0)

Whend > m, thenP ! RY " is generically surjective and
11 $%

B
Z = [244a]! R ":z 1 P 1 f(xV)

bes .
Sox;(1)! P 1 f(x('))$ for alli ! [n] and

| 2 3

Ic(t)|?dt! C(n) inf X # z
0) [Zlé-éa ]#Rd!_ " I#[n]
zi#P {1 (x")}

18/27
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Theorem [Esteve-Yagte, G., Pighin, Zuazua, 022al]

Supposem = dandP =Id. Then!T,,! > 0, C! 1 such that for
T ! T,, any global minimizec; " L?((0,T); RY) to (5) and x| solution
to (1) satisfy

11 11 # 11 1 %

B 2 B w2
)@ # FxO) +jer )P $c x#f(x) &'
1" [n] 1" [n]

$t" [0, T].

19/27
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Theorem [Esteve-Yagte, G., Pighin, Zuazua, O22b]

Replace(d: by! ! L' (R)in (1) and letd>m. Then"T.," > 0,
C! 1suchthatforT ! T.,any global minimizecy ! L2((0,T); RY) to
(5) and x| solution to (1) satisfy

"2 | " "

Pl (t)y# f(xD) + inf XTI () # 2" + Jor (D)2
i#n] 2180 FERC i n]
zi#P" L (x(D))
% &
" &C |nf nX(I) # Z| n ( e$| t
2,888 R "
zi#tP " M (x())
$t! [0, T].
€rROZ STATE CoN TR~
\ " O u'\\
| \
\ | | \
| | |
| J ol |
L Ja \ -
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Augmented empirical risk minimization
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1tOs faster

Concluding remarks

a .
. s D 90 =
. o 0 ’
i @02  Both
3 er'{ A O “\
o .«: '- o \J - B
| l‘)", " |
) )
\% } - {‘t A 5 ‘) 0 t‘g -,‘l ..'
> & oia ) ) 4y : 5 @
o5 i * ha, B0
)- - \',: : “-:J') A‘,‘ O
X’ y ".’} . ."l‘! ’ a
9 . I ») b
b 380 ' o » g
‘ oF y 33 . o *
) ) 55 D XI5 e
= @ 90, SO P D ERa :
e : bo %98 >

Takeaway when possible, proceed model predictive control manner:
start with small T, evaluate error, and proceed by increasihgdaptively.
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Important tool

Focusond=m, P =1d.

Lemma

| C; > 0 independent ofl, "c# L2 andx; solution to (1):

o o Ty "
sup i (1) $ f(x()" 1 Cy () § f (x()
0TI [ng i [n]
St o
+ i (1) $ f(x"))" dt
O i1 [n]
$ 7
+|c(t)|*dt
0

2227
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Ingredients

1. Caux (t) := c1(t)1jo,1(t), wherecy ensures controllability. Ast Is
optimal andc,,x Is not,! C, > 0 independent ofT:
I |
. T 11 # . T 11 #
T ()" f(x('))% dt+  Jer(DPdt ! C,
0 i1 n 0 i1 [n]

%

(1) n f (X(i))#

Lemma yields pointwise bound uniform in
2. Shrink time-intervals:

23/27
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Ingredients

1. Caux (t) := c1(t)1j0,15(t), wherec; ensures controllability. Ast Is
optimal andcyy Is not, ! C, > 0 independent ofT :

I |
T T " #
ﬁd(t) " f(x<i>)% dt+  Jcr (t)[?dt ! C, i

i [n] 0 i1 [n]

(1) w ¢ (X(i))%
0

Lemma yields pointwise bound uniform in

|
2. ON FTXE o O ?,ewl “TheR= || ]
.

) - o ( 1t r.‘,[\\l“"{l\z
i i i
\ l T .

\\ k \ [;(N*\)"-‘? e,
\
\ &
,_ it \\\ | 5\~ :‘. . ] )
L A ‘~~lm; ! |
(st it BT e g iy \F H, HJ)
e ‘ E‘( i

&) -
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Extensions

Using this method, weeanOt have exponential decay with
BV -penaltyfor (a, b) as norm tracks singularities unlike?. We can
at most get decay of time-averages of the error and controls.

Results are more general. Per [Esteve-Yagte, G., Pighin, Zuazua
O22a; G., Zuazua 022]: controllable PDE

yi(t,x) 1 Ay (L, x) + Bu(t,x) = T (y(t, X))

with Lipschitz (possibly non-smooth) nonlinearity and cost

- -

L(y(T)) + : y(t)! i dt+ . u(®Ig dt

wherey Is any steady staté exponential turnpike without
smoothness or smallness assumptions!
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Further comments
1. L1(0, T)-penalties for (3) [Esteve-Yagte, G. O22]:

2 3
tx (k is a layer)
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Further comments
1. L1(0, T)-penalties for (3) [Esteve-Yagte, G. O22]:

TEeA.  Traag ~DeTed TedT GETD.

2 3
tx (k is a layer)

2. Variable-width ResNets:

' )
a9 4 5r.q.<¢

X[+ = 1 KIyIk] 4 oKy (glklylK])

where! [K] : de I de+1 ’ a[k] " de+1 ! dk, C[k] " de+1 b dk +1 _ SO,
|
-1

"iX(t,2) = c(t,z, #)! (a(t, z, HX(t, #)) d# (0, T)# (0,1)
0

Helpful for structured controls (convolutional neural networks).
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Outlook

1. Control

Exponential decay/turnpike withBV -penalty for (a, b)?

Using control: are feedback controls fon ! 1 trajectories possible,
useful?

Extrapolating to control: can we get robustness using the lens of
many data and statistics?

2. Unsupervised learningknerative modeling with normalizing 3ows
(E. Vanden-Eijnden et al.).

NF: di! eomorphismT : R? " RY optimized to transport

[z}, 1 # RY samples from a known law o (Gaussian with unit
variance) to unknown target law! ; of which we know samples
(XD} # RY.

Parametrizing T by the [3ow of a neural ODE, and then solving an
optimal control problem (KL divergence) is quite practical.
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Merci pour votre attention!
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